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Abstract

Group Relative Policy Optimization (GRPO), a
prominent algorithm within the Reinforcement
Learning from Verifiable Rewards (RLVR) frame-
work, has achieved strong results in improving
the reasoning capabilities of large language mod-
els (LLMs). However, GRPO is prone to ad-
vantage collapse, a failure mode where homo-
geneous rewards within a group (e.g., all correct
or all incorrect answers) yield near-zero advan-
tages and vanishing gradients. To address this, we
introduce the Advantage Collapse Rate (ACR),
the first diagnostic metric quantifying the propor-
tion of training batches with ineffective gradients.
Across models from 0.5B to 14B parameters on
mathematical reasoning benchmarks, we show
that ACR strongly predicts training stagnation
and final performance. We then propose Adaptive
Virtual Sample Policy Optimization (AVSPO), a
lightweight extension of GRPO that injects vir-
tual reward samples, guided by real-time ACR
monitoring, to enable learning from homogeneous
groups without additional model rollouts. AVSPO
reduces advantage collapse by 58-63% relative
to GRPO and yields consistent accuracy gains of
4-6 percentage points across all model scales,
while maintaining generalization on the evalu-
ated out-of-domain task. Code and datasets are
available at https://anonymous.4open.
science/r/ACR-A557.

1. Introduction

Reinforcement learning from verifiable rewards (RLVR) has
emerged as a promising paradigm for improving mathemati-
cal reasoning in large language models (Shao et al., 2024;
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Figure 1. Early ACR predicts final performance. Each point
represents one training run across 245 configurations (5 model
scales, 7 difficulty levels, 7 group sizes). Strong negative correla-
tion (R? = 0.617) between early-stage ACR and final accuracy.
Points colored by model scale.

Guo et al., 2025). Unlike Reinforcement Learning from
Human Feedback (RLHF) (Ouyang et al., 2022), which
relies on human preference, RLVR leverages automated ver-
ifiers to provide binary feedback on solution correctness.
Within this framework, Group Relative Policy Optimization
(GRPO) has emerged as a leading approach. GRPO com-
putes advantages through intra-group reward comparisons
rather than learned value baselines. This design eliminates
the critic network required by actor-critic methods such as
PPO (Schulman et al., 2017), significantly reducing memory
consumption.

However, GRPO suffers from a known failure mode termed
advantage collapse (Zhang et al., 2025a; Zhang & Zuo,
2025; Yu et al., 2025; Le et al., 2025b). When all responses
in a group receive identical rewards, the within-group vari-
ance vanishes, causing all advantages to collapse to zero.
The policy gradient then becomes ineffective regardless of
individual response quality. This phenomenon is prevalent
in mathematical reasoning tasks where binary verification
often yields homogeneous outcomes. In our experiments

For ICML 2026 reviewers: When reviewing this paper, please follow the policy for the use of LLMs as specified on your Reviewer Console. Note

that the assigned LLM policy might differ from the policy you indicated during reviewer registration.


https://anonymous.4open.science/r/ACR-A557
https://anonymous.4open.science/r/ACR-A557
https://openreview.net/group?id=ICML.cc/2026/Conference/Reviewers#assigned-submissions

Advantage Collapse in Group Relative Policy Optimization: Diagnosis and Mitigation

( N
Overview of Adaptive Virtual-Sample-Based Policy Optimization (AVSPO) Framework
- Policy Group Virtual Sample
L2 CLEiy Generation K Virtual
Model —m> Samples =01 g .
Input T Rollout y3 (Real) £ 0o .20 -2 Rewards
= S -
| High ACR | Inject Virtual l
(Yes) Rewards
\L Advantage R
I Recomputation
Reward Group ACR (with Virtual i::li)cle
Model Computation Monitor Aasgmp}es) Updage
——— 2 Ay g
— l Bm. = A
Potential Collapse:]
Binary A=0 Restored Variance:
Rewards (G) Standard A £0
Policy Update
S—
\ )

Figure 2. Overview of AVSPO. The policy generates G responses per prompt with binary rewards. When all rewards are identical,
GRPO’s advantages collapse to zero (A = 0). AVSPO monitors ACR in real-time; upon detecting collapse, it injects virtual samples to
restore reward variance and recompute non-zero advantages (A’ # 0) for stable policy updates.

across five model scales on mathematical reasoning bench-
marks, we observe that 28-45% of training batches exhibit
complete advantage collapse. This failure remains invisible
to conventional metrics such as loss curves and accuracy,
leading to wasted computation.

Several strategies have been proposed to address gradient
ineffectiveness in policy optimization. Generalized Advan-
tage Estimation (GAE) (Schulman et al., 2015) provides
variance reduction but requires a critic network incompat-
ible with GRPO’s architecture. Process Reward Models
(PRMs) (Lightman et al., 2024) offer dense supervision but
demand expensive step-level annotations. Entropy regu-
larization (Shen, 2025) encourages exploration but applies
uniform pressure regardless of reward structure. Recent
GRPO variants such as DAPO (Yu et al., 2025) modify the
clipping mechanism, yet none provides a diagnostic tool to
quantify collapse severity before it impacts training.

This gap motivates a different perspective: rather than mod-
ifying the optimization algorithm, we focus on diagnosing
advantage collapse in real time. Our key insight is that col-
lapse is directly measurable through reward variance statis-
tics already computed during GRPO training. As shown
in Figure 1, early-stage collapse rate strongly predicts fi-
nal performance (R?> = 0.617), enabling early detection
of problematic configurations before substantial compute
is wasted. This predictive power motivates our approach:
real-time monitoring combined with adaptive intervention
when collapse is detected. To summarize, our contributions
are threefold:
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* Diagnostic metric. We introduce the Advantage Col-
lapse Rate (ACR), the first metric specifically designed
to quantify gradient ineffectiveness in group-based pol-
icy optimization. ACR leverages statistics already com-
puted in GRPO. Early-stage ACR explains 62% of
variance in final performance, enabling practitioners
to identify problematic configurations before accuracy
degradation becomes visible.

* Algorithmic intervention. We propose Adaptive Vir-
tual Sample Policy Optimization (AVSPO), a plug-and-
play extension of GRPO that injects virtual reward
samples when collapse is detected. AVSPO creates
non-zero advantages to enable learning from otherwise
wasted batches, requiring no additional LLM forward
passes.

¢ Empirical validation. Across models from 0.5B to
14B parameters on six mathematical reasoning bench-
marks, AVSPO reduces advantage collapse from 28—
45% to 11-18% (58—63% relative reduction), yielding
accuracy gains of 4-6 percentage points over GRPO
while maintaining generalization on the out-of-domain
benchmark (MMLU-Pro).

Our diagnostic approach complements algorithmic improve-
ments. ACR can monitor any group-based policy optimiza-
tion method, beyond GRPO. We hope this work motivates
the community to develop real-time diagnostics for train-
ing efficiency, enabling practitioners to detect and address
gradient ineffectiveness before wasting computation.
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2. Related Work

GRPO and Advantage Collapse. GRPO (Shao et al.,
2024) eliminates the critic network required by PPO (Schul-
man et al., 2017), significantly reducing memory consump-
tion (Guo et al., 2025; Lambert et al., 2024). However, iden-
tical within-group rewards cause advantage collapse (Zhang
& Zuo, 2025; Yu et al., 2025; Le et al., 2025b). Existing
solutions fall short: GAE (Schulman et al., 2015) requires
a critic; PRMs (Lightman et al., 2024) need expensive an-
notations; entropy regularization (Shen, 2025; Deng et al.,
2025) ignores reward structure.

GRPO Variants. Prior works address GRPO limitations
at the optimization level: gradient estimation (Liu et al.,
2025; He et al., 2025; Hu et al., 2025), clipping mecha-
nisms (Yu et al., 2025; Yang et al., 2025a), value estima-
tion (Sane, 2025), and token-level weighting for sharpness
control (Le et al., 2025a). Others operate at the policy level:
reward shaping (Gupta et al., 2025), exploration (Nan et al.,
2025; Hou et al., 2025), and entropy control (Wang et al.,
2025). Concurrent works target related failure modes (Li
et al., 2025; Bai et al., 2025; Yang et al., 2026); Scaf-
GRPO (Zhang et al., 2025b) addresses collapse via pro-
gressive in-prompt scaffolding. AVSPO instead intervenes
at the reward statistics level, making it complementary.

Diagnostic Metrics. Standard RL monitoring uses pol-
icy entropy, KL divergence, and gradient norms (Castanyer
et al., 2025; Henderson et al., 2018; Zheng et al., 2025).
Parallel efforts target reward hacking detection (Shihab
et al., 2025) and entropy-driven instability in off-policy set-
tings (Xi et al., 2025). Recent work (Yang et al., 2025b) iden-
tifies token-level imbalances but not batch-level collapse.
Existing diagnostics assume critic-based methods (Mroueh,
2025). ACR fills this gap by quantifying gradient ineffec-
tiveness for GRPO.

3. Preliminaries

We frame mathematical reasoning as a contextual ban-
dit problem (Langford & Zhang, 2007) under the RLVR
paradigm. Given a question ¢ ~ Q, a language model
Ty autoregressively generates a solution trajectory y =
(y1,...,yr). Upon completion, an automated verifier V
(e.g., via code execution or symbolic matching) assigns a bi-
nary reward (g, y) € {0, 1}. The objective is to maximize
expected reward:

J(0) = Egno, yrmo(-lo)[T(2: 9)]- )]

This sparse, outcome-only supervision poses a fundamental
challenge: how to extract effective learning signals from
binary feedback (Riedmiller et al., 2018).

3

3.1. Group Relative Policy Optimization

To address this while maintaining scalability, GRPO elimi-
nates the critic network and instead computes advantages via
intra-group comparisons. For each question g, it samples G
independent responses O = {y, ..., y()} from the old
policy g, and obtains their rewards R = {ry,...,rg}.
The advantage for the i-th sample is:
A = i — MR
oR +€ ’

@

P =

where ur and o are the group mean and standard devia-
tion, and € > 0 ensures numerical stability. The policy is
updated via a clipped surrogate objective:

G [y

1 1
G ; ‘y(i)‘ Z

t=1
min (pgi)/li, clip(pgi), 1—¢, 1+€)/L')] )

3)
where p{" = (51" |0, y')) /70, (ui” 12,4} is the policy
ratio, and ¢ is the clipping range (distinct from € for nu-
merical stability). We set the KL penalty 8 = 0 following
standard practice (Shao et al., 2024).

TR0) = Bgng, 0nr,, (10)

3.2. The Advantage Collapse Phenomenon

Despite its efficiency, GRPO exhibits a fundamental fail-
ure mode under reward homogeneity. Consider a group
where all samples receive identical rewards r; = ¢ for some
constant ¢ € {0, 1}. Then ur = cand og = 0, yielding:

4 c—c

T ot @

We term this advantage collapse: the complete loss of gradi-
ent signal when within-group reward variance vanishes. The
policy gradient contribution from such a group becomes:

=0, Vielq].

G
> AiVslogme(yg) = 0.

=1

&)

This pathology manifests in two symmetric scenarios under
binary rewards:

* All-incorrect (r; = 0 V¢): The model fails uniformly on
hard problems.

* All-correct (r; = 1 Vi): The model succeeds uniformly
on easy problems.

In both cases, the verifier provides valid feedback, yet
GRPO extracts no learning signal. This failure is invisible
to standard diagnostics: loss curves and accuracy metrics
appear stable while gradient updates become ineffective.
Addressing this requires a diagnostic to detect collapse and
an intervention to recover collapsed groups, motivating our
ACR metric and AVSPO algorithm (Section 4).
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4. Methodology

We present a unified approach to diagnosing and mitigating
advantage collapse in GRPO. Our method comprises two
tightly integrated components: (1) the Advantage Collapse
Rate (ACR), a lightweight diagnostic metric that quanti-
fies gradient ineffectiveness in real-time, and (2) Adaptive
Virtual Sample Policy Optimization (AVSPO), an ACR-
guided intervention mechanism that enables learning from
collapsed groups. Together, these components form a prin-
cipled framework for stabilizing GRPO training without
compromising its computational efficiency.

4.1. Advantage Collapse Rate (ACR)

ACR operationalizes the collapse condition inherent in
GRPO’s advantage formula (Eq. 2). Recall that Ai ox
(ri — ur)/or. When or — 0, advantages vanish regard-
less of individual reward magnitudes, causing gradients to
collapse. ACR directly monitors this condition.

Definition 4.1 (Advantage Collapse Rate). Given a
training batch consisting of N question-group pairs
{(q1,01),...,(gn,OnN)}, where each group O;

1
{y]( ), .
responding rewards R; = {r§1)7 cee

,yj(.G)} contains G' sampled solutions with cor-
i@}, ACR is defined

as:
L
ACR = — ZI[ (or, <7) (6)
j=1
where o, = \/ & Zil(rj(i) — piRr,;)? is the standard de-

viation of rewards in group j, I(-) is the indicator function,
and 7 is a small threshold (typically 7 = 10~%) accounting
for numerical precision.

Interpretation. ACR quantifies the proportion of groups
within a batch that have negligible gradient signals:

* ACR =~ 0: Optimal learning conditions. All groups
exhibit reward diversity, ensuring non-zero gradients
throughout the batch.

* ACR = 1: Complete gradient stagnation. Every group
suffers from reward homogeneity, causing vanishing
learning signals.

* 0 < ACR < 1: Partial effectiveness. The magnitude
indicates the fraction of computational resources spent
on ineffective gradient updates.

ACR incurs zero computational overhead since it monitors
reward statistics already computed during standard GRPO
training.

4

4.2. Adaptive Virtual Sample Policy Optimization

When ACR indicates advantage collapse (ACR™ > Ta((;;i)t),
AVSPO generates virtual samples to restore reward diver-
sity. Virtual samples are synthetic reward values, not actual
model outputs, that participate only in the normalization
statistics (ugr’ and o) for advantage computation. They
do not contribute to the policy gradient, as no corresponding

Vg log mg term exists for virtual samples.

Construction Mechanism. For a collapsed group O; with
homogeneous rewards R;, we construct a set of virtual
samples:

V; ={vi,v2,..., vk} @)

where the number of virtual samples K is determined adap-
tively:

®)

with sensitivity parameter o € (0, 1] controlling augmen-
tation strength. Setting o = 0.5 provides effective scaling:
when ACR is low (= 0), minimal intervention (K ~ 1);
when ACR is high (= 1), stronger support (K ~ G).

K = max (1, min (G, [G : (ACR(H))QW))

Stratified Reward Assignment. Each virtual sample vy,
is assigned a reward value that ensures non-zero variance
regardless of whether the collapsed group consists of all-
correct or all-incorrect responses. Let rops = maX(Rj)
denote the observed maximum reward in the original group.
The virtual rewards are assigned as:

S (1 - KLH) if 7gps > 0 o
. K—k+1

K

Tanchor * if rops = 0

where 7achor > 0 is a small positive constant (we use
Tanchor = 0.1 in all experiments). Note that while actual
rewards are binary (r € {0, 1}), virtual rewards take contin-
uous values in (0, 1] to create reward diversity for normaliza-
tion. The denominator (K + 1) in the first case ensures that
even with minimal intervention (' = 1), the virtual reward
creates sufficient contrast with the original homogeneous
rewards, guaranteeing oR, > 0.

The critical distinction is the handling of all-incorrect
groups (7ops = 0), which dominate early training in sparse-
reward tasks. Our formulation introduces positive anchor
rewards that create contrast against the zero rewards of ac-
tual samples, ensuring ox/ > 0. The constraint K < G
ensures virtual samples never outnumber real ones, limiting
the bias introduced into advantage estimates (analyzed in
Section 4.3).

Adaptive Triggering Mechanism. AVSPO employs dy-
namic thresholding that adapts the intervention trigger based
on training progress, avoiding both under-intervention (miss-
ing collapse) and over-intervention (unnecessary augmenta-
tion).
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Real-time ACR Monitoring. At each training iteration n,
ACR is computed over the current batch using Equation 6,
denoted as ACR(™,

Dynamic Threshold Adaptation. The augmentation thresh-

old Tudapt 1s initialized conservatively (7, = 0.5) and

adjusted based on training stability:

dddpt

(n+1)

(™)
7—adapt

Tadapt + 77+ SIgN (AJ (”>) (ACR(") — )

adapt

(10)
where AJ(™ = J(9(™) — J(0(=1)) measures policy im-
provement estimated via average batch reward Jm =
NLG Zﬂ rg»z), and 7 = 0.01 is a small learning rate. In-
tuition: When training improves (AJ > 0), Tadap: tracks the
observed ACR, reducing unnecessary intervention; when
training stagnates (AJ < 0) under high ACR, Tyqap de-
creases to trigger stronger correction.

Conditional Sample Integration. Virtual samples are in-
corporated only when collapse is detected:

R; UV
- (o
J

it ACR™ > (™)

adapt andog; <T

(11)

otherwise

Advantage Recomputation. With the augmented reward
set R; advantages are recomputed to incorporate increased
reward diversity:

EE—— 12
§ UR;+6 (12)

G+K (Zy 1 j )+ Zk 17'vk) and o is
the standard deviation of R; Note that advantages are
computed only for the G real samples; virtual rewards serve
solely to shift the normalization baseline, ensuring o/ > 0
even when o ; = 0. The final AVSPO objective function
becomes:

where pugr: =
J

Iy

D

t=1

Q \

jAVSPO |:

( DAL clip(p ),1—E,1+€)A;>:|,
(13)

Iy“

where the expectation is over ¢ ~ Q and O ~ my_,(+|q),
and fl; = Ay)/ is computed using Equation 12 when aug-
mentation is triggered (with the group index j suppressed
for clarity), reducing to the standard GRPO advantage oth-
erwise.

4.3. Theoretical Analysis

Proposition 4.2 (Reward Variance and Gradient Scaling).
For a group O with rewards R = {r1,...,rg} having

5

mean | and standard deviation o, the sum of squared
advantages satisfies:

G

> it o

P (or +€)?
where € > 0 is the numerical stability constant. Conse-
quently, as or — 0, we have Zl A? — 0, and the contri-

bution of this group to the policy gradient vanishes. (Proof
in Appendix B.)

(14)

The quadratic scaling justifies ACR as a diagnostic for gra-
dient ineffectiveness.
Proposition 4.3 (Bias from Virtual Augmentation). Let
VT RO denote the standard GRPO gradient estimator
and ¥V ¢ JASPO denote the AVSPO gradient. For a collapsed
group with K virtual samples and a given realization of
sampled responses, the gradient difference is:

@lq)

Z
- (15)

For collapsed groups where or = 0, we have A; =0,
thus |A} — A;| = |A!. The augmented advantages |A’|
are bounded since |A!| < |r; — pr/|/or: < VG + K by
properties of standardized variables.

Vg jAVSPO 7v0 jGRPO

e A;)Vologm(y

For collapsed groups, AVSPO enables policy updates at
the cost of introducing bias relative to the original gradi-
ents. This bias-variance tradeoff (Greensmith et al., 2004)
is favorable when the alternative is gradient stagnation.

The complete AVSPO training procedure is provided in
Algorithm 1 (Appendix C). The algorithm integrates ACR
monitoring with conditional virtual sample injection, re-
quiring only minimal additions to standard GRPO training
loops. AVSPO incurs no additional LLM forward passes
and maintains O(ING) per-iteration complexity, identical to
vanilla GRPO.

5. Experiments

We conduct comprehensive experiments to address three
questions: (1) Does AVSPO effectively mitigate advantage
collapse and improve reasoning performance? (2) Is ACR
a reliable diagnostic for training efficiency? (3) How do
individual design choices contribute to performance?

5.1. Experimental Setup

Training Data. We construct Level3-500 by sampling 500
intermediate-difficulty problems from the MATH training
split (Hendrycks et al., 2021), targeting the optimal learn-
ing zone for gradient signal diversity (Bengio et al., 2009;
Gao et al., 2025). Details on difficulty-based selection are
provided in Appendix A.1.
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Figure 3. Sensitivity analysis of ACR across training conditions. Blue bars show final accuracy (left axis); red line shows ACR 0 (right
axis). (a) Larger models generally achieve lower ACR with higher accuracy, though not strictly monotonic. (b) Moderate temperatures
(T = 0.3-0.5) balance exploration and precision. (c) Increasing group size G reduces ACR with diminishing returns. (d) Intermediate
difficulty (L3-L4) yields optimal learning conditions. Note: ACR values here differ from Table 1 as each subplot varies one hyperparameter

at non-standard values for sensitivity analysis.

Evaluation Benchmarks. We evaluate on six mathemati-
cal reasoning benchmarks spanning diverse difficulty lev-
els: MATH-500 (Hendrycks et al., 2021), GSM8K (Cobbe
et al., 2021), Minerva (Lewkowycz et al., 2022), Olympiad-
Bench (He et al., 2024), AMC, and AIME24, covering
elementary arithmetic to Olympiad-level competitions. To
assess out-of-domain generalization, we additionally evalu-
ate on MMLU-Pro (Wang et al., 2024), a challenging multi-
task language understanding benchmark that tests broader
reasoning capabilities beyond mathematics.

Models. We experiment with six Qwen2.5 models (Yang
et al., 2024) spanning 0.5B to 14B parameters: Qwen2.5-
0.5B, Qwen2.5-3B, Qwen2.5-3B-Instruct, Qwen2.5-Math-
1.5B, Qwen2.5-Math-7B, and Qwen2.5-14B. All models are
trained with group size G = 8 and sampling temperature
T = 1.0. Training is conducted on § xNVIDIA A800-80GB
GPUs using the TRL framework (von Werra et al., 2020),
with one problem sampled per GPU per step. Complete
hyperparameter settings are provided in Appendix A.

6

Baselines. We compare against: (1) Base Model (pretrained
without RL); (2) Vanilla GRPO (Shao et al., 2024) with
standard intra-group normalization; (3) DCPO (Yang et al.,
2025a), using dynamic clipping and smooth advantage stan-
dardization; (4) INTUITOR (Zhao et al., 2025), an RLIF ap-
proach using self-certainty as reward; and (5) RENT (Prab-
hudesai et al., 2025), minimizing output entropy.

Evaluation Protocol. All benchmarks are evaluated using
the lighteval library (Habib et al., 2023). We report pass@1
accuracy using greedy decoding (7" = 0). For competition
benchmarks with limited problems (AMC: 25, AIME24:
30), we use avg@32 following Shao et al. (2024) to re-
duce variance from small sample sizes. Final answers are
extracted via rule-based parsing and verified symbolically.

Training and Reproducibility. All models are trained for
500 steps. Multi-seed experiments (n = 5) on representative
configurations confirm statistical significance (p < 0.05)
for all AVSPO improvements (Appendix H).
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Table 1. Performance comparison across model scales and benchmarks. All methods trained for one epoch (500 steps) on Level3-500
with standard configuration (G=8, T'=1.0) and evaluated using greedy decoding. We report pass@1 accuracy (%) and average ACR
(lower is better). Note: ACR values in Figure 3 differ as they are computed under varied hyperparameter settings for sensitivity analysis.
MMLU-Pro serves as out-of-domain evaluation to assess generalization beyond mathematical reasoning. Avg. is computed over all seven
benchmarks. Best results per model in bold. Multi-seed validation (n=5) on representative configurations (4 models x 2 benchmarks)

confirms statistical significance (Appendix H).

Model / Method ACR/ MATH GSMSK Minerva Olympiad AMCH AIME?* MMLU-Pro Avg.

General Models

Qwen2.5-0.5B[Base] - 6.8 41.1 4.1 4.8 52 0.0 15.5 11.1
+ INTUITOR (Zhao et al., 2025) - 21.5 28.4 73 10.2 12.1 12 14.9 13.7
+ RENT (Prabhudesai et al., 2025) - 19.8 24.1 6.2 8.9 10.5 0.8 14.6 12.1
+ DCPO (Yang et al., 2025a) 0.38 26.3 37.8 10.5 14.2 16.8 2.4 15.6 17.7
+ GRPO (Shao et al., 2024) 0.45 24.6 352 9.8 13.5 15.3 2.1 15.1 16.5
+ AVSPO (Ours) 0.18 314 44.8 13.2 17.9 20.1 35 16.0 21.0

Qwen2.5-3B[Base] - 28.0 66.3 7.4 7.5 9.0 0.3 37.9 22.3
+ INTUITOR (Zhao et al., 2025) - 324 45.8 12.6 18.7 21.3 4.1 37.1 24.6
+ RENT (Prabhudesai et al., 2025) - 29.7 41.5 11.1 16.9 19.2 33 36.5 22.6
+ DCPO (Yang et al., 2025a) 0.29 38.5 55.2 16.1 23.8 26.4 6.5 38.0 29.2
+ GRPO (Shao et al., 2024) 0.37 36.8 52.6 15.3 22.4 24.8 5.9 37.4 279
+ AVSPO (Ours) 0.14 42.7 61.3 18.9 26.5 29.5 7.8 38.6 32.2

Qwen2.5-3B-Instruct - 63.0 76.5 25.7 244 274 5.0 37.7 37.1
+ INTUITOR (Zhao et al., 2025) - 65.3 61.4 26.9 27.6 30.8 7.6 36.9 36.6
+ RENT (Prabhudesai et al., 2025) - 64.1 56.2 26.1 25.8 28.9 6.4 36.4 34.8
+ DCPO (Yang et al., 2025a) 0.27 70.4 71.2 29.3 32.8 35.6 10.8 37.8 41.1
+ GRPO (Shao et al., 2024) 0.35 68.9 68.7 28.4 31.2 33.7 9.8 37.2 39.7
+ AVSPO (Ours) 0.13 73.6 75.8 31.2 35.1 374 12.3 384 434

Qwen?2.5-14B[Base] - 68.4 89.2 28.5 38.2 42.1 16.8 56.7 48.6
+ INTUITOR (Zhao et al., 2025) - 732 68.9 314 43.5 46.3 21.2 55.8 48.6
+ RENT (Prabhudesai et al., 2025) - 70.8 64.5 29.6 40.8 44.1 19.4 55.2 46.3
+ DCPO (Yang et al., 2025a) 0.21 75.6 74.2 34.5 47.8 50.6 254 56.8 52.1
+ GRPO (Shao et al., 2024) 0.28 72.5 71.8 32.1 44.6 482 23.8 56.2 49.9
+ AVSPO (Ours) 0.11 78.9 774 36.8 50.3 531 275 574 54.5

Math-Specialized Models

Qwen2.5-Math-1.5B[Base] - 31.8 80.2 11.4 222 27.0 32 27.5 29.0
+ INTUITOR (Zhao et al., 2025) - 524 43.6 19.7 31.4 35.2 8.5 26.8 31.1
+ RENT (Prabhudesai et al., 2025) - 47.8 38.4 17.2 28.5 32.8 6.9 26.3 28.3
+ DCPO (Yang et al., 2025a) 0.31 61.4 52.6 22.8 335 39.2 11.8 27.6 35.6
+ GRPO (Shao et al., 2024) 0.40 58.6 49.8 19.2 31.7 37.6 10.6 27.0 335
+ AVSPO (Ours) 0.15 67.2 59.3 28.9 37.8 41.6 14.2 28.2 39.6

Qwen2.5-Math-7B[Base] - 60.8 86.3 20.2 304 35.0 13.3 39.4 40.8
+ INTUITOR (Zhao et al., 2025) - 68.9 62.5 253 37.1 39.2 18.4 38.6 41.4
+ RENT (Prabhudesai et al., 2025) - 65.4 57.8 23.1 34.6 37.5 16.1 38.1 38.9
+ DCPO (Yang et al., 2025a) 0.25 69.8 66.4 27.2 39.5 412 21.5 39.5 43.6
+ GRPO (Shao et al., 2024) 0.33 65.0 65.3 25.7 36.2 40.9 20.6 38.9 422
+ AVSPO (Ours) 0.14 74.1 69.7 294 43.6 43.8 232 40.1 45.9

+ avg@32 to reduce variance from limited problem counts.
5.2. Main Results Analysis Across Scales and Difficulty. The improvement

Table 1 presents results across all configurations.

Main Findings. AVSPO reduces ACR from 0.28-0.45
(GRPO) to 0.11-0.18, a 58-63% relative reduction. This
translates to +4 to +6 accuracy points over GRPO. Models
with higher baseline ACR benefit more: Qwen2.5-Math-
1.5B (ACR=0.40) shows the largest gain (+6.1%), consistent
with Proposition 4.2.

Comparison with Baselines. AVSPO outperforms DCPO
(+2.9%), INTUITOR (+6.8%), and RENT (+8.9%). INTU-
ITOR uses internal confidence as the reward signal; RENT
minimizes output entropy to encourage decisive reasoning.
Both modify the reward signal but do not address advantage
diversity. DCPO targets policy divergence through dynamic
clipping rather than reward diversity. These results suggest
that restoring batch-level gradient signal is more effective
than reward engineering given verification.
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pattern varies systematically. On moderate-difficulty bench-
marks (GSM8K, MATH-500), AVSPO achieves the largest
gains. On competition-level problems (AMC, AIME), gains
are more modest, suggesting model capacity becomes the
limiting factor. Across model scales, larger models have
lower baseline ACR (0.21 for 14B vs. 0.45 for 0.5B) and
show smaller but consistent improvements. The correlation
between ACR reduction and accuracy gains (Figure 1) in-
dicates that advantage collapse is a primary bottleneck in
GRPO training.

5.3. Validating ACR as a Diagnostic Metric

To establish ACR as a reliable diagnostic beyond its role
in AVSPO, we conduct systematic validation across factors
that influence reward diversity: problem difficulty, model
capacity, sampling temperature, and group size.

strictly prohibited.
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5.3.1. ACR PREDICTS FINAL PERFORMANCE

We examine whether early-stage ACR measurements can
forecast training outcomes. Across 245 setups (5 model
scales x 7 difficulty levels x 7 group sizes), we compute
the mean ACR over the first 100 training steps (ACR;¢) and
correlate it with final accuracy on MATH-500. As shown in
Figure 1, the analysis reveals a strong negative correlation
(r = —0.785, p < 1078). An ordinary least squares fit
yields:

Final Accuracy = 51.4 — 29.6 x ACR1go (16)

with R? = 0.617. Thus, ACRj(g explains 62% of final
performance variance, enabling early detection of poor con-
figurations.

5.3.2. SENSITIVITY TO TRAINING CONDITIONS

We investigate how ACR responds to four key factors:
model capacity, sampling temperature, group size, and prob-
lem difficulty (Figure 3). Key findings: (1) larger models
achieve lower ACR, though the 7B model outperforms 14B
due to task-model matching effects; (2) temperature exhibits
an optimal range at T' = 0.3-0.5, where low ACR is neces-
sary but not sufficient—balancing exploration and exploita-
tion; (3) group size G € [6, 8] provides the best trade-off
between gradient effectiveness and computational cost; (4)
problem difficulty shows a U-shaped relationship with ACR,
as both easy and hard problems cause uniform rewards, val-
idating our choice of intermediate-difficulty training data.
These results establish ACR as a reliable real-time diagnos-
tic with zero computational overhead. Detailed per-factor
analysis is provided in Appendix E.

5.4. Ablation Studies

We ablate key design choices on Qwen2.5-Math-1.5B to
validate AVSPO’s components. Table 2 summarizes the
virtual sample construction strategies.

Virtual Sample Construction. We compare five strate-
gies: (1) no augmentation (GRPO baseline); (2) random
uniform sampling 7, ~ U0, rmax]; (3) fixed partial credit
(ry = 0.5-Tmax); (4) exponential decay (r¥ = rp..e~0F);
and (5) stratified assignment (ours). As shown in Table 2,
random sampling reduces ACR but introduces variance,
yielding only +3.5% improvement. Fixed partial credit
achieves +4.9% but fails to span the reward spectrum.
AVSPO’s stratified approach achieves both lowest ACR
(0.15) and highest accuracy (+8.6%), validating the impor-
tance of structured reward diversity.

Adaptive vs. Fixed Thresholding. We compare three fixed
thresholds (7 € {0.3,0.5,0.7}) against our adaptive mecha-
nism (Table 3). Fixed thresholds face a fundamental trade-
off: low values (7 = 0.3) trigger excessive intervention
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Table 2. Ablation study on virtual sample construction strategies.
All experiments use Qwen2.5-Math-1.5B trained for 500 steps.
GRPO serves as the baseline.

Strategy ACR ({) MATH-500 (1)
No augmentation (GRPO) 0.40 58.6
Random uniform 0.22 -0.18 62.1 +35
Fixed partial (r, = 0.5) 0.19 -0.21 63.5 +4.9
Exponential decay 0.18 -0.22 64.2 +5.6
Stratified (Ours) 0.15 -0.25 67.2 +8.6

with high variance; high values (7 = 0.7) miss early-stage
collapse. The optimal fixed threshold (7 = 0.5) requires
380 steps to reach 60% accuracy, while adaptive thresh-
olding achieves this in 295 steps (22% faster) with 1.8%
higher final accuracy. The adaptive mechanism adjusts
based on training progress, avoiding both over- and under-
intervention.

Table 3. Comparison of fixed vs. adaptive thresholding on
Qwen2.5-Math-1.5B. “Steps to 60%” denotes training steps to
reach 60% accuracy on MATH-500.

Threshold Steps to 60% Final Acc. Stability
Fixed 7 = 0.3 420 64.8 High variance
Fixed 7 = 0.5 380 65.4 Moderate
Fixed 7 = 0.7 350 63.9 Under-intervene
Adaptive (Ours) 295 67.2 Stable

Sensitivity Parameter . The number of virtual sam-
ples scales as K o« ACR®. We find o = 0.5 optimal:
smaller values (0.3) under-augment, leaving residual col-
lapse (ACR= 0.24); larger values (1.0) over-augment, di-
Iuting real gradient signals (accuracy drops 2.1%). The
square-root scaling provides appropriate adaptive strength.

Robustness to Hyperparameters. AVSPO shows stable
performance across parameter ranges. Varying T;fgpt €
[0.3,0.7] and € [0.005, 0.02] yields less than 1% accuracy
variation, indicating robustness without extensive tuning.

6. Conclusion

We have identified advantage collapse, a failure mode in
GRPO where homogeneous within-group rewards cause
vanishing gradients, as a fundamental bottleneck in rein-
forcement learning for LLMs. To diagnose this, we intro-
duced the ACR, a zero-overhead metric that quantifies gradi-
ent ineffectiveness and predicts final performance. Guided
by real-time ACR monitoring, our AVSPO algorithm adap-
tively injects virtual reward samples to enable learning from
collapsed groups, achieving 58—63% reduction in collapse
rate and consistent accuracy improvements across 0.5B—14B
models on mathematical reasoning benchmarks. We hope
ACR becomes a standard diagnostic in RLVR pipelines,
enabling more transparent and efficient LLM alignment.
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Impact Statement

This work aims to advance the field of RLVR for LLMs by
providing diagnostic tools and algorithmic improvements
for more stable and efficient training. ACR enables practi-
tioners to identify training inefficiencies in real-time, po-
tentially reducing computational waste and its associated
energy footprint, and improving transparency in LLM align-
ment pipelines. We hope that our contributions will facilitate
more efficient development of reasoning capabilities in lan-
guage models and encourage further research on training
diagnostics for policy optimization.
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A. Implementation Details

Table 4 summarizes all hyperparameter settings used in our experiments.

Table 4. Complete hyperparameter settings for all experiments.

Hyperparameter

Value

Hardware & Software

GPUs 8xNVIDIA A800-80GB
Framework TRL (von Werra et al., 2020)
Sampling

Group size G

Sampling temperature (training)
Sampling temperature (evaluation)
Max sequence length

8

1.0

0 (greedy)
1,024 tokens

Optimization

Optimizer AdamW
Learning rate 7y 1076
(1, B2) (0.9, 0.999)
Weight decay 0.01
Gradient clipping norm 1.0
Training steps 500
Batch size per GPU 1
GRPO/AVSPO

KL penalty Sxr 0
Clipping range ¢ 0.2
AVSPO-Specific

Initial threshold Ta(;)a)pt 0.5
Sensitivity o 0.5
Threshold learning rate 7 0.01
Collapse threshold T 106
Threshold bounds [Timin, Tmax] [0.1,0.9]
Anchor reward 7anchor 0.1

Training Time. Training a 1.5B model for 500 steps takes approximately 2.5 hours wall-clock time; 7B models require 4
hours; 14B models require approximately 8 hours.

A.1. Training Data Construction

We construct Level3-500 through difficulty-based selection using Qwen2.5-Math-1.5B as the selector model, inspired
by curriculum learning principles (Bengio et al., 2009) and recent findings that overly difficult examples hinder align-
ment (Hemmat et al., 2025). Specifically, we partition the MATH training split (Hendrycks et al., 2021) into seven difficulty
levels (Level 0-6) based on the selector’s success rate: Level 0 (95% accuracy), Level 1 (80%), Level 2 (50-80%), Level 3
(30-50%), Level 4 (10-30%), Level 5 (1-10%), and Level 6 (<1%). From Level 3, we randomly sample 500 problems,
targeting the optimal learning zone where the model has sufficient but not excessive success rate to generate diverse reward
signals. Note that Level3-500 is drawn exclusively from the training split, while our evaluation benchmark MATH-500 uses
the official test split, ensuring no data leakage.

Training Protocol. All models are trained for one epoch (500 steps), justified by learning curves plateauing within 400 steps
(see Section F). As shown in Figures 6-9, both ACR and accuracy stabilize well before 500 steps across all configurations,
confirming that 500 problems provide sufficient training signal for convergence. We report single-run results for the full
experimental matrix (6 models x 7 benchmarks x 5 methods) due to computational cost. To validate robustness, we conduct
multi-seed experiments (n = 5) on four representative models (Qwen2.5-0.5B, Qwen2.5-Math-1.5B, Qwen2.5-3B, and
Qwen2.5-14B) on MATH-500 and GSMS8K.
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B. Proofs
Proof of Proposition 4.2. By definition, A; = (r; — g )/(or + €). Thus:

G G
Sy el G0k
—~ ' = (or+e)?  (or+e)?
using the definition 0% = & " (r; — ur)? O

B.1. Virtual Samples in Homogeneous Groups: Directionality and Stability

This subsection provides a deeper analysis of the bias and stability properties introduced by the virtual reward samples in
Equations (9) and (12), focusing on the two degenerate (collapsed) cases where all rollouts in a group are either incorrect or
correct.

Setup. Fix a prompt ¢ (corresponding to some group j). Let J(q) denote the space of all trajectories (responses) that the
policy can generate. Define the success and failure subsets

Sq={yed):r(qy) =1},  Fy:={yeI(qg) :7(gy) =0} (17)

We denote the success probability by
po(q) ==m9(Sq1q),  1—po(q) =me(Fy|q). (18)

Notational convention. Throughout this appendix, we fix a single group j and suppress the group index when the context
is unambiguous, writing R, or, (i instead of R ;, OR,;» MR- When augmented reward sets are involved, we write R/, ux/,
o for the quantities after virtual sample injection. The subscript j is retained where explicitly needed for clarity.

Lemma B.1 (Conditional score identity). Let £ C Y(q) be any measurable set such that mg(E | q) > 0. Then,
Eyrr(-la, vee)| Vo logmo(y | 4)] = Vologme(€ | q). (19)

Proof. Let Zyg :=mp(E | q) = Zyes mo(y | q). Using Vologmy(y | ¢) = Vemo(y | ¢)/7e(y | ¢), we have

1
Eyro(-lq, yeey| Ve logma(y | ¢)] = 7 > mo(y | 9) Valogma(y | )

yes&
1 VoZy
Z > Vom(y | q) Z Vo log Zy,
ye€
which proves Equation (19). O

Lemma B.2 (Uniform advantages for collapsed binary-reward groups). Assume binary rewards r(q,y) € {0,1} and
consider a collapsed group of size G where r(q, ")) = cforalli € {1,...,GY} and some c € {0,1}. Under AVSPO, the
recomputed advantages in Equation (12) satisfy

i ~ Cc— /LR/ .

AV = A = — TS yie{1,...,GY}, (20)
R} +e

i.e., all G real samples share a common advantage sign in the collapsed cases.

Moreover, for the stratified virtual rewards in Equation (9) (with K > 1) the augmented means are

G+% —
pry = CTE o @1
Rj Tunchor(K + 1) c=0
2(G+K) ’ ’
13
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and the augmented standard deviations admit the lower bounds

VGK

_ v =1
2G + K)’ =5
or, > (22)

ranchor(K + 1) g c=0
20G+K) VK

Proof. In a collapsed binary-reward group, all observed rewards equal c, hence {rg-i)}iG:l are identical. Therefore, in

Equation (12) each numerator ry) — BR! is identical, which proves the constancy claim Equation (20).

We next compute Br, in the two collapsed cases. If ¢ = 1, then rops = max(R;) = 1 and Equation (9) gives r,, =

k. _ KH41-—k K _ K m_ _ K . . B G.1+% . _
-z = "5 Thus Y00 e, = D1 747 = 2> Yielding pr, = —grr- e =0, then rgpe = 0 and
r (K+1)
i i K-—k+1 K Panchor K Panchor (K +1 Tanchor (KD
Equation (9) gives 7y, = Tanchor K* .Hence ) ;" 7y, = " 70 m = %), and HR, = —Gim This

proves Equation (21).

For the lower bounds on OR/, We lse that the total variance is at least the between-component variance of a two-component
mixture. In the ¢ = 1 case, all G real rewards equal 1 and the K virtual rewards have mean 1/2, so the between-

component variance is GEK . C;JFLK -(1- %)2 = 4((&7};)2’ implying oR/ > 2(VG an K) In the ¢ = 0 case, the real rewards

. K .
equal 0 and the virtual rewards have mean p, = % Doke1Ton = %

el K 2 GK | Tame(K+1D? . wchor(K+1) /G oy :
GiK " GiK Mo = Grr? h4(K2 ) , implying R 2 %ﬂ()) %~ This proves Equation (22). O

, so the between-component variance is

Proposition B.3 (Bounded magnitude of uniform updates). Under the assumptions of Theorem B.2 and 1 < K < G, the

common advantage magnitude is bounded by
- K
A<y 5 <t (23)

Proof. When c = 1, Equation (21) gives 1 — BR, = ﬁ and Equation (22) gives oR > (VG T K) Thus,
K
AP = Thmy _loemy _meimy _ [K
!’ - 7 - GK ’
0'73 + € URj 2(7\6% G

When ¢ = 0, Equation (21) gives KR = T KAL) 3 Equation (22) gives oR; > > Tuetor(K+1) \ / . Therefore,

2(G+K) 2(G+K)
runch(\r( K+1)
. MR, MR/ /
AéK) | _ i PR AGRR) _ 2(G+R)
oR’ +€ OR! Tanchor (K +1)
’ J 2(G+K) K
Combining the two cases proves Equation (23). O

Theorem B.4 (Principled direction of AVSPO updates in homogeneous groups). Fix a prompt q and consider the (unclipped,
on-policy) per-prompt gradient contribution

AV, logmg(y D | q), (24)

Q=
iMe

where AEK) is the common advantage from Equation (20). Then, conditioned on an all-incorrect group (¢ = 0) or an

all-correct group (c = 1), we have
E|g0(a) |9 € F, vi| = A{Vol0g(1 - po(a)) (25)

E[g1(0)| s € S, vi] = AL Vs log pa(a). 26)
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In particular, A(()K) < 0and /ﬁK) > 0, so gradient ascent decreases log(1 — pg(q)) in the all-incorrect case and increases
log po(q) in the all-correct case.

Proof. We first note the signs: when ¢ = 0, Equation (21) gives piz; > 0 hence ASK) =(0— MR;)/(UR; + ¢€) < 0; when
c = 1, Equation (21) gives pr, < 1 hence A&K) > 0.

For Equation (25), under the conditioning y(*) € Fq for all 4, each y@ is distributed as mo(- | ¢, y € Fy) and remains i.i.d.
Therefore,

E[g0(g) |4 € Fy ¥i] = AFEyn, (lg. e, [Vologmaly | @)].

Applying the conditional score identity Theorem B.1 with £ = F yields

Eymro(lg,yer,)[Vologms(y | 4)] = Vologme(Fy | q) = Volog(l - pe(q)),
which proves Equation (25). The proof of Equation (26) is identical with £ = S, noting 79(S, | ¢) = pe(q). O
Lemma B.5 (Clipping-induced gradient gating). Consider the per-token PPO/GRPO term (cf. Equations (3) and (13))

Up; A) == min(pA, clip(p,1 —¢e,1+¢) A)7 (27)

where p is a policy ratio and A is an advantage (here A = A; ). Then:

A>0,p>14e = Lp;A)=(1+¢e)Aand Vyl(p;A) =0, (28)
A<0,p<l—-e = Up;A)=1—-¢c)AandVyl(p;A)=0. (29)

Proof. We prove Equation (28); Equation (29) follows analogously. When A > 0 and p > 1 + ¢, we have clip(p, 1 —
g,1+¢e) =1+ < p. Multiplying by A > 0 preserves the inequality, so (1 + ¢)A < pA and hence {(p; A) =
min(pA, (1 +¢)A) = (1 + €) A, which is constant w.r.t. 6. Therefore its gradient vanishes, i.e., Vgf(p; A) = 0. O

Remark B.6 (Implications for the reviewer concern: collapse vs. sharpening). In the all-incorrect case, Theorem B.4 shows
that the expected AVSPO update is aligned with decreasing log(1 — pg(q)), i.e., reducing the probability mass assigned
to the failure set F; rather than “collapsing” probability without direction. In the all-correct case, the update increases
log pe(q) but its magnitude is bounded (Theorem B.3), and the PPO clipping term becomes flat once token-level ratios
exceed 1 + € (Theorem B.5), preventing unbounded over-sharpening from a single group.

B.2. Bias Upper Bound and Convergence Implication

Assumption B.7 (Bounded score function). There exists a constant B > 0 such that for all prompts ¢ and trajectories
y € V()
[Vologma(y | ¢)|| < B (30)

Proposition B.8 (Bias upper bound of AVSPO relative to GRPO). Consider one training iteration n with a batch of N
groups and the corresponding ACR™ computed by Equation (6). Let IK(™) be the number of virtual samples used by AVSPO
in Equation (8). Define the (unclipped, on-policy) per-batch gradient estimators

N G
X 1 1 NG i
§00) = 5 D 5 2 AV Vologme(y)” | ). 31)
j=1 ~ i=1
1 X1 &
~ 2 (7)) 7
7o) =5 30 G 2 AT Valogmo(y)” | 4p), (32)

Il
-
Il
-

J %
where Ay) and /Al;i)l are computed by Equations (2) and (12).

Under binary rewards and Theorem B.7, the per-iteration gradient discrepancy satisfies:

K ()
§VPO(0) — gFFO(9)|| < BwT -ACR™ < B-ACR™. (33)
15
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Consequently, the conditional (one-step) bias magnitude is bounded by

[ K1) ACR™
G

= Ag-) for all groups, hence §*VSPO = §9RPO and the bound

HE[gAVSPO(e) — §ORPO(9) | 0] H < BE

9] : (34)

Proof. If augmentation is not triggered at iteration n, then Ay)/

is trivial.

Assume augmentation is triggered. Then AVSPO modifies advantages only for groups with o, < 7. LetC () .= {j:
, < T} denote the set of collapsed groups in this batch, so |C("™)|/N = ACR™ by Equation (6). For any j € ¢, GRPO

ylelds A§- D = 0 foralli (cf. Equation (4)), while AVSPO yields a common advantage A;z)’ = Ag ") (cf. Theorem B.2).
Therefore,

) R (m)
gAVSPO(e) gGRPO Z Z A(K ) Vg log 779( | qj)-
jEC(”)

Taking norms and applying Equation (30) gives

1 i
P~ )| < X L YA [T tog s 0
jecm) i=1

AK™)| B = ACR™ |AK™)| B.

N

~( 1 ()
Finally, Theorem B.3 gives |A£K )| <K /G <1 (since K (n) < @), which yields Equation (33). The conditional
bound Equation (34) follows by taking conditional expectation on both sides. O

Assumption B.9 (Smoothness and boundedness for the reference objective). Let F'(6) denote the (population) objective

whose stationary points are regarded as the “correct” fixed points for the baseline algorithm (e.g., F' = JORPO under the
standard PPO/GRPO analysis). Assume F' is L-smooth and upper-bounded:
IVF(0) = VE@)| < LI|0 -0,  F(0) < Fiax < 00. (35)

Theorem B.10 (Convergence to an approximate stationary point under bounded bias). Consider the stochastic ascent update
o+ — g(n) 4y ™) (36)

where §\") is the stochastic gradient used by AVSPO at iteration n. Assume Theorem B.9 and that for each n,

E[g(n) |9<n>} — VF(O™) 4 ), ]E[ G —E[g™ | 9]

2
i 9“‘)] <o, (37)

for some (possibly iteration-dependent) bias vector b'™) and noise level o2, If g < then for any T > 1,

4L’
= e 4(Foax — F(010))) 5 -1 §
T;EMW“’( dl } < S 2l 4 ZO (RIS (38)

In particular, if |[b™ || < b uniformly, then the iterates converge to an O(b)-stationary region; and if |b™|| — 0, then
liminf, . E|VF(6™)] = 0.

Proof. By L-smoothness of F, for A(™) := (1) _ 9(n) — 1,5(") we have
L
F(0D) = F(0™) + (VF(O™), A ) — A
16
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Taking conditional expectation given #(™) and using Equation (37) yields

L 2
E[F(0U+D) 6] = F(0™) + 1o (VF(01), VFO) +5™) = ZLE[[]g]2 | 6]
1 1 L2
> F(0™) +np <2||VF(9(”))|2 - 2||b<”>|2) - —;7" (||VF(9<">) M2 4 02)

n 1o n 1o n L
> F0™) + (5 = Log) IVFOU)]2 = (B + L ) 1612 = Zo?,
where we used (z,y) > —1|z[|* — 1||y||? and ||z + y||* < 2[|z|? + 2[y[|*>. Under ng < 4, we have & — L2 > 2 and
Ly Lng < %, hence

L 2
E[F(60 )] > BIF(6))] + PRI TF(E))? - TPr|p) ) - D052,

Summing over n = 0,...,7T — 1 and using F(6(7)) < F,,.x gives Equation (38). O

Corollary B.11 (Implication for AVSPO: convergence when collapse vanishes). Let F = J9RF0 in Theorem B.10. If the
virtual augmentation becomes rare in the sense that E[ACR™] — 0, then by Theorem B.8 the bias term satisfies ||b™ | — 0
(in expectation), and AVSPO converges to the same first-order stationary set as GRPO under the standard smoothness/noise
assumptions.

Remark B.12 (Clipping only reduces the discrepancy). All bounds above are derived for the unclipped, on-policy form (cf.
Equation (24)). For the actual PPO/GRPO clipped objective, the gradient is further gated by clipping (Theorem B.5), which
can only reduce the magnitude of per-sample contributions. Therefore, Equation (33) is a conservative upper bound for the
implemented AVSPO update.

C. Algorithm and Computational Complexity
Algorithm 1 presents the complete AVSPO training procedure.

Computational Complexity. AVSPO’s per-iteration complexity is O(N G), identical to vanilla GRPO. ACR computation
requires O(ING) operations for reward variance calculation. Virtual sample generation adds at most O(NG) operations
when all groups are collapsed. The memory overhead is negligible: storing K < G scalar rewards per collapsed group
requires only O (N G) additional floats. No additional LLM forward passes are required, preserving GRPO’s ~35% memory
advantage over actor-critic methods.

C.1. Empirical Computational Overhead

To validate the theoretical complexity analysis, we profile the per-step training time breakdown for Qwen2.5-Math-1.5B on
Level3-500. Figure 4 presents the results. Table 5 summarizes the detailed timing breakdown.

Table 5. Per-step training time breakdown for Qwen2.5-Math-1.5B. Components execute in parallel across 8 GPUs; percentages show
relative computational cost. AVSPO’s additional overhead is negligible.

Component Time (s) Percentage
LLM Generation 76.55 48.2%
Input Preparation 77.10 48.6%
Loss Computation 247 1.6%
Log Probs & Entropy 2.18 1.4%
Reward Calculation 0.42 0.3%
ACR + Virtual Sample 0.003 <0.01%
Component Total 158.72 100%
Wall-clock per Step 27.97 (parallel)

Wall-clock (500 steps) 13,987s (3.9h) —

Key Findings:
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Algorithm 1 AVSPO Training Algorithm

Require: Initial policy mp,, question set Q, group size G, sensitivity «, initial threshold Ta(gpl, threshold learning rate 7,
policy learning rate ny
Ensure: Optimized policy 7y
1: for iterationn = 1,2, ..., Ny do
2:  //Stage 1: Sampling & ACR Computation

3:  Sample batch {q1,...,qn} ~ Q
4:  for each question g; in batch do
5 Sample G solutions: O; = {yj(.l), cee ](G)} ~ o (1g5)
6: Evaluate rewards: R; = {r(qj?yJ(-l))7 e ,r(qj,yj(G))}
7:  end for
8  Compute ACR™ via Equation 6
9:  //Stage 2: Virtual Sample Augmentation
10:  foreachgroupj=1,...,N do
11: if ACR™ > Ta(‘;%t and oz, < 7 then
12: K + max(1, min(G, [G - (ACR™)1)) {Eq. 8}
13: Generate V; = {v1, ..., vk} via Equation 9
14: R < R; UV
15: else
16: R; — R
17: end if
18: Compute advantages { A/}& | via Equation 12 {Only G real samples}
19:  end for

20:  // Stage 3: Parameter Update

21:  Update policy: 6 < 0 + 19V T2VSPO(9) {Virtual samples do not contribute gradients}
22:  Update threshold: Ta((ﬁ;l) — Ta((;;;t + - sign(AJ™) . (ACR™ — ng;;t)

23: end for

24: return 7y

[Fz2 crrOo  E=3 avspO]

(a) GRPO Training Time Breakdown (b) GRPO vs AVSPO Per-Step Time Comparison
(Qwen2.5-Math-1.5B)

1024

AVSPO overhead:
< 0.01% additional
(~3ms per step)

101 4

Components
LLM Generation
(48.2%)
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Per-Step (48.6%)
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Time (1.6%)
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Figure 4. Computational overhead analysis. (a) Per-step time breakdown for GRPO training on Qwen2.5-Math-1.5B. LLM generation
and input preparation dominate (>>96% of total time), while reward and advantage computation account for only 0.3%. (b) Comparison
between GRPO and AVSPO. AVSPO adds <0.01% overhead (~3ms per step) for ACR monitoring and virtual sample generation, which
is negligible compared to the 27.97s per-step total time.

* LLM-dominated computation: LLM generation (48.2%) and input preparation (48.6%) account for over 96% of
computational cost. Reward and advantage computation account for only 0.3%. Due to parallel execution across 8§ GPUs,
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wall-clock time per step is 27.97s.

* Negligible AVSPO overhead: ACR monitoring and virtual sample generation add approximately 3ms per step (<0.01%
overhead). For a complete 500-step training run, this translates to only ~1.5 seconds of additional wall-clock time.

* No additional GPU memory: AVSPO stores at most K < G scalar values per collapsed group, requiring negligible
memory compared to model parameters and activations.

* No additional LLM calls: Unlike methods that require additional sampling or model queries, AVSPO operates purely on
reward statistics already computed during standard GRPO training.

These results confirm that AVSPO achieves its 58—63% reduction in advantage collapse with virtually zero computational
cost, making it a practical drop-in replacement for vanilla GRPO.

D. Prompt Template and Reward Function

Figure 5 illustrates the prompt template employed for all training and evaluation experiments.

Example: Prompt for Math Problems

<|im_start|>system

You are a helpful assistant that solves MATH problems. Please reason step by step,
and put your final answer within \boxed{ }.<|im_end|>

<|im_start|>user

Let $a$ and $b$ be nonzero real numbers such that \\[(2 - 7i)(a + bi)\\] is pure
imaginary. Find $\\frac{a}{b}.$<|im_end|>

<|im_start|>assistant

Figure 5. Prompt template for mathematical reasoning tasks. The model is instructed to solve problems step by step and present the final
answer within \boxed{}.

For base model evaluation, we report the best accuracy obtained using either the prompt template above or the default
Qwen (Yang et al., 2024) system prompt: “Please reason step by step, and put your final answer within \boxed{}.”

Reward Function. We employ a binary box accuracy reward:
r(q,y) =l[extract(y) = a”| (39)

where extract(-) parses the final answer enclosed in \boxed{} from the model’s response, and a* denotes the ground-
truth answer. The comparison uses symbolic equivalence checking to handle mathematically equivalent expressions (e.g.,
% = 0.5). This sparse, outcome-only reward signal is characteristic of the RLVR paradigm and directly contributes to the

advantage collapse phenomenon we study.

E. Sensitivity Analysis Details

This appendix provides detailed analysis of how ACR responds to four key factors that influence reward diversity. For each
factor, we vary one hyperparameter while fixing others, measuring ACR;y (mean ACR over the first 100 steps) and final
accuracy.

Model Scale. Figure 3(a) reveals a general trend where larger models tend to achieve lower ACR and higher accuracy,
though the relationship is not strictly monotonic. Smaller models (0.5B, 1.5B) consistently suffer from high ACR (>0.70)
with accuracy below 35%, while mid-to-large models (3B—14B) achieve substantially lower ACR (<0.40) with accuracy
above 50%. Notably, the 7B model achieves the lowest ACR (0.15), even lower than the 14B model (0.36), suggesting that
the optimal capacity for a given task difficulty may not always be the largest. This pattern reflects that increased capacity
generally enables more diverse response generation, but task-model matching also plays a role: when model capability
significantly exceeds task difficulty, the model may consistently succeed (all-correct), paradoxically increasing ACR.
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Sampling Temperature. Figure 3(b) shows that ACR decreases monotonically with temperature, from 0.46 at 7" = 0.1 to
0.08 at T = 1.0. However, accuracy exhibits a non-monotonic pattern, peaking at moderate temperatures (7" = 0.3-0.5).
This decoupling reveals a key insight: low ACR is necessary but not sufficient for good performance. At low temperatures,
deterministic sampling produces homogeneous outputs (high ACR); at high temperatures, increased stochasticity ensures
reward diversity (low ACR) but introduces excessive randomness that degrades solution quality. The optimal regime balances
exploration (diverse outputs, low ACR) with exploitation (coherent reasoning, high accuracy).

Group Size. Figure 3(c) demonstrates that increasing G from 2 to 8 reduces ACR from 0.52 to 0.20, with accuracy
improving correspondingly. Larger groups increase the probability of observing mixed outcomes: for a problem with success
rate p, the probability of reward homogeneity (all-correct or all-incorrect) is p& + (1 — p)“, which decreases exponentially
with G. However, the gains diminish beyond G = 6, while computational cost scales linearly. This suggests G € [6, 8] as
the practical sweet spot, balancing gradient effectiveness against resource constraints.

Problem Difficulty. Figure 3(d) reveals a U-shaped relationship: both easy (Level 0—1) and hard (Level 5-6) problems
cause high ACR (>0.45), while intermediate difficulty (Level 3—4) yields optimal conditions (ACR = 0.30, accuracy >55%).
The mechanism is symmetric: easy problems lead to uniform success (r; = 1 V3), hard problems lead to uniform failure
(r; = 0 V%), and both result in o = 0. This finding aligns with curriculum learning principles (Bengio et al., 2009) and
validates our choice of Level3-500 for training data construction.

F. ACR Training Dynamics

This appendix provides detailed visualizations of ACR evolution throughout training under different hyperparameter
configurations. These curves complement the summary statistics presented in the main text (Figure 3) by showing the full
training dynamics.

F.1. ACR Dynamics Across Model Scales

Figure 6 shows how ACR evolves during training for models ranging from 0.5B to 14B parameters. Several patterns emerge:

¢ Scale-dependent convergence: Larger models (7B, 14B) rapidly converge to lower ACR (< 0.35) within the first 100
steps, while smaller models (0.5B, 1.5B) exhibit persistent high ACR throughout training.

¢ Stability: Larger models show more stable ACR trajectories with less variance, suggesting more consistent reward
diversity across batches.

¢ Early prediction: The ACR gap between model scales is apparent within the first 50 steps, enabling early detection of
problematic configurations.

F.2. ACR Dynamics Across Sampling Temperatures

Figure 7 illustrates the effect of sampling temperature on ACR dynamics. Key observations:

* Temperature-ACR relationship: Lower temperatures (7' = 0.1, 0.3) produce deterministic outputs leading to high
ACR, while higher temperatures (7" = 0.9, 1.0) maintain low ACR through increased stochasticity.

* Accuracy-temperature trade-off: Despite low ACR at high temperatures, accuracy does not monotonically increase,
suggesting an optimal temperature range (7' ~ 0.3-0.5) that balances exploration and exploitation.
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Figure 6. ACR and accuracy training curves across model scales. Left: ACR evolution over 500 training steps (orange shades). Larger
models maintain consistently lower ACR. Right: Corresponding accuracy curves on MATH-500 (blue shades). The inverse relationship
between ACR and accuracy is evident across all model scales.
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Figure 7. ACR and accuracy training curves across sampling temperatures. Left: ACR evolution shows strong temperature
dependence (orange shades), with low temperatures causing persistent collapse. Right: Accuracy peaks at intermediate temperatures (blue
shades) despite lower ACR at high temperatures.
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F.3. ACR Dynamics Across Group Sizes
Figure 8 shows how group size G affects ACR dynamics:
* Diminishing returns: Increasing GG from 2 to 4 yields substantial ACR reduction, but further increases show diminish-
ing benefits.

* Variance reduction: Larger groups produce smoother ACR curves due to statistical averaging effects.

F.4. ACR Dynamics Across Dataset Difficulty

Figure 9 demonstrates the relationship between problem difficulty and ACR:

* U-shaped collapse pattern: Both very easy (Level 0-1) and very hard (Level 5-6) problems lead to high ACR, while
intermediate difficulty (Level 3—4) maintains healthy reward diversity.

* Difficulty-aware curriculum: These results suggest that curriculum learning strategies selecting intermediate-difficulty
problems could naturally mitigate advantage collapse.
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Figure 9. ACR and accuracy training curves across dataset difficulty levels. Left: ACR dynamics (orange shades) showing that both
extremes (too easy or too hard) cause high collapse rates. Right: Accuracy dynamics (blue shades) with intermediate difficulty levels
providing optimal learning conditions.

G. Case Studies

To provide intuitive understanding of advantage collapse and the effectiveness of AVSPO, we present qualitative case studies
using Qwen2.5-Math-1.5B, which exhibits the largest ACR reduction (0.40—0.15) among math-specialized models.

G.1. Advantage Collapse in Training

Figure 11 illustrates two common scenarios where advantage collapse occurs during GRPO training. In the all-incorrect
case (left), a challenging problem causes all G = 8 sampled responses to fail, yielding rewards R = {0,0,...,0} with
or = 0. In the all-correct case (right), an easier problem is solved by all responses, similarly producing ox = 0. Both
scenarios result in vanishing gradients under standard GRPO, wasting computational resources on ineffective training
batches.

G.2. Output Quality Comparison
Figure 10 presents example generations from models trained with GRPO versus AVSPO on representative MATH-500

problems. GRPO-trained models frequently fail to solve problems that AVSPO-trained models handle correctly. The
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Question: The variables $a$ and $b$ are inversely proportional. When the sum of $a$ and $b$ is 24,

their difference is 6. What is $b$ when $a$ equals 5?

Qwen-Math-1.5B-GRPO: Qwen-Math-1.5B-AVSPO:
Since (a) and (b) are inversely proportional, this | Given that (a) and (b) are inversely proportional,
means when one increases the other one also we can write the relationship as (ab = k) for
changes, so we can write the relationship as some constant (k). We are also given two
(atb=k). From the question we know that conditions:
(atb=24) and also (a-b=0), so these two
equations already give us enough information. 1. (a+b=24)

2.(a-b=06)
First we add the equations (a+b=24) and (a-b=0)
together: We can solve these two equations
(atb+a-b=24+6) simultaneously to find the values of (a) and (b).
(a=30). First, add the two equations: ((a +b) + (a-b) =

24 + 6), which gives (2a = 30), so (a = 15).
After finding (a), we substitute it back into the

equation (a+b=24): Next, substitute (a = 15) into the first equation:
(30+b=24), therefore (b=-6). (15+b=24),s0(b=9).

Now we check the inverse proportionality Now we know that when (a = 15), (b =9). Since
condition. Since inverse proportion means the (a) and (b) are inversely proportional, we can
product is constant, we calculate (k) by find the constant (k) as (k=ab =15 \cdot 9 =
multiplying (a) and (b): 135).

(k=ab=30\times(-6)=-180). This confirms the

relationship is correct. We need to find the value of (b) when (a = 5).

Using the inverse proportionality relationship
Next, we are asked to find the value of (b) when | (ab = 135), substitute (a = 5): (5b = 135), so (b

(a=5). Using the same inverse proportion =\frac{135} {5} = 27).
formula (ab=k), we substitute the values:
(5b=-180). Thus, the value of (b) when (a =15) is Q

Solving this gives (b=-36).
Because the value is negative, we take the
absolute value since (b) represents a quantity, so

(b=36).

Therefore, when (a=5), the value of (b) i ®

- AN J
ACR during training: 0.40 ACR during training: 0.15

Figure 10. Example generations from GRPO and AVSPO on MATH-500 problems. Responses from Qwen2.5-Math-1.5B trained
with GRPO (left) versus AVSPO (right) on the same problem. Both models start with similar reasoning approaches, but GRPO makes
computational errors or reasoning leaps while AVSPO maintains logical consistency. Colors are added for visualization: blue indicates
correct reasoning steps or answers, red indicates clearly incorrect steps, and orange indicates ambiguous steps that may lead to errors.
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All-Incorrect Case All-Correct Case

Question: Find the sum of all integral values of $c$
with $c\\le 258 for which the equation $y=x"2-7x-c$
has two rational roots.

€

€
@

Response 1: The initial config ... \boxed{-8}$.
Response 2: To solve the ... \boxed{-6}$.

Response 8: I need to find all ... \boxed{26}.

Rewards is: tensor([0., 0., 0., 0., 0., 0., 0., 0.]
c=0,ACR=1

Question: The 3rd and 5th terms of an arithmetic
sequence are 17 and 39, respectively. What is the 7th
term of the same sequence?

Response 1: Let the first term ... \boxed{61}$.
Response 2: Let us solve the ... \boxed{61}$. Q

Response 8: I need to find the ... \boxed{61}.

Rewards is: tensor([1., 1., 1., 1., 1., 1., 1., 1.]
¢=0,ACR=1

| Gradient =0 | Gradient =0
G AN J

Figure 11. Advantage collapse examples during GRPO training. Left: All-incorrect case where GG = 8 responses fail on a challenging
problem (or = 0, gradient vanishes). Right: All-correct case where all responses succeed (cr = 0, gradient still vanishes). AVSPO
addresses both scenarios by injecting virtual samples to restore reward variance.

reasoning chains from both models often begin with similar problem decomposition and initial steps, but GRPO gradually
exhibits unjustified reasoning leaps, arithmetic errors, or premature guesses, whereas AVSPO maintains more rigorous
logical progression toward the correct solution. This qualitative difference reflects AVSPO’s ability to learn from a larger
fraction of effective training batches by mitigating advantage collapse.

These case studies corroborate our quantitative findings: by mitigating advantage collapse, AVSPO enables more effective
utilization of training signal, resulting in improved reasoning quality across diverse problem types.

H. Statistical Significance Analysis

To assess the robustness of our reported improvements, we conduct multi-seed experiments on representative configurations
spanning the full range of model scales. We select four models (Qwen2.5-0.5B, Qwen2.5-Math-1.5B, Qwen2.5-3B, and
Qwen2.5-14B) covering 0.5B to 14B parameters, and two primary benchmarks (MATH-500 and GSM8K) for statistical
validation.

Table 6. Multi-seed experimental results (n = 5 seeds) on representative configurations. We report mean + standard deviation. All
improvements are statistically significant under paired ¢-tests (p < 0.05).

Model Benchmark GRPO AVSPO A p-value
Owen2.5-0.58 MATH-500 246+19 314+16 468 0005
0. GSMSK 350423 448419 +96  0.002
MATH-500 586+ 14 672+12 486 0003
Qwen2.5-Math-1.5B  Gqpex 498+18 593+15 495 0006
Owen2.5.38 MATH-500 368+ 16 427+13 459 0012
: GSMSK 526421 613+17 +87 0008
Owen2.5. 148 MATH-500 725+ 1.1 789+09 +64 0001
: GSMSK 718+ 14 T74+11 +56 0004

Figure 12 visualizes the performance distributions, complementing the summary statistics in Table 6.
Key Observations:
* Consistent improvements: AVSPO outperforms GRPO across all seed-model-benchmark combinations, with gains
ranging from +5.6 to +9.6 percentage points. As shown in Figure 12, the distributions are completely non-overlapping.

« Statistical significance: All eight comparisons yield p < 0.05 under paired ¢-tests, confirming that the observed
improvements are unlikely due to random variation.

* Lower variance: AVSPO exhibits consistently lower standard deviation than GRPO (mean std: 1.40 vs. 1.70),
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suggesting that mitigating advantage collapse also stabilizes training outcomes. This is visually evident from the
narrower boxplots for AVSPO in Figure 12.

* Reproducibility of gains: The multi-seed mean improvements closely match our single-run results reported in Table 1,
validating the reliability of the main experimental findings across all model scales from 0.5B to 14B.

Performance Distribution Across 5 Seeds (n=5)

Qwen2.5-Math-1.5B Qwen2.5-3B
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Figure 12. Performance distribution across 5 random seeds. Boxplots show median, quartiles, and individual data points for
representative model-benchmark combinations. AVSPO (blue) consistently outperforms GRPO (gray) with non-overlapping distributions,
visually confirming the statistical significance reported in Table 6. The narrower boxes for AVSPO indicate lower variance, suggesting
more stable training.
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